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Abstract 

Let Tj 9 be a compact Riemann surface of genus g, and G = SU (n). We introduce the 
central element c = diag(e 27nd//n , . . . , e 2md / n ^ for d coprime to n. In this paper we prove 
the Verlinde formula for the Riemann-Roch number of a line bundle over the moduli 
space A4 9t i(c, A) of representations of the fundamental group of a Riemann surface 
of genus g with one boundary component, for which the loop around the boundary 
is constrained to lie in the conjugacy class of cexp(A) (for A £ t + ), and also for the 
moduli space M g ^{c, A) of representations of the fundamental group of a Riemann 
surface of genus g with s + 1 boundary components for which the loop around the 
0-th boundary component is sent to the central element c and the loop around the 
j-th boundary component is constrained to lie in the conjugacy class of exp(A^)) for 
A^') G t+. Our proof is valid for A^' in suitable neighbourhoods of 0. 



1 Introduction 

Let S 9 be a compact Riemann surface of genus g, and G = SU (n). We introduce the central 
element c = diag(e 27 ™ d / n , . . . , e 2md / n ) for d coprime to n. In this paper we prove the Verlinde 
formula for the Riemann-Roch number of a line bundle over the moduli space Ai 9t i(c, A) of 
representations of the fundamental group of a Riemann surface of genus g with one boundary 
component, for which the loop around the boundary is constrained to lie in the conjugacy 
class of cexp(A) (for A e t + ). (Here, t denotes the Lie algebra of the maximal torus T of G, 
and t + the fundamental Weyl chamber.) We also prove the Verlinde formula for the moduli 
space Aig t b(c, A) of representations of the fundamental group of a Riemann surface of genus 
g with s + 1 boundary components for which the loop around the 0-th boundary component is 

*This material is based on work supported by grants from NSERC and the Alfred P. Sloan Foundation. 

MSC subject classification: 58F05 
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sent to the central element c and the loop around the j-th boundary component is constrained 
to lie in the conjugacy class of exp(A^)) for A^') G t + , where we have introduced the notation 
A = (A'- 1 -', A^ 2 -*, . . . , A^). The methods extend the proof we gave in Section 11 of [13] for 



the Verlinde formula for the moduli space M(n, d) of holomorphic vector bundles of coprime 
rank n and degree d and fixed determinant, which can alternatively be described as the 
space of representations of the fundamental group of a Riemann surface of genus g with 
one boundary component into G which send the loop around the boundary to the central 
element c. Our proofs are valid for A in a suitable neighbourhood of and A in a suitable 
neighbourhood of 0. 

Our earlier work |1| used the Riemann- Roch formula to prove a formula for the dimension 



of the space of holomorphic sections of powers of a certain line bundle over M(n,d); in 
the case of M(n, d) the higher cohomology vanishes, so the Riemann-Roch formula gives 
the dimension of the zeroth cohomology group. In this paper we exploit the fact that 
the related moduli spaces .M g ,i(c, A) and more generally .M 9i b(c, A) defined above (which 
appear in algebraic geometry as moduli spaces of bundles with parabolic structure, where 
the parameters A^ G t + are equivalent to the specification of weights; see for example Jl6|] ) 
fibre over M(n, d) provided the weights are sufficiently small. When these spaces admit a 
prequantum line bundle, we may push forward along the fibre to obtain a formula for the 
Riemann-Roch number of the prequantum line bundle on the total space in terms of the 
evaluation of appropriate cohomology classes on the fundamental class of M(n, d). Formulas 



for the intersection numbers in M(n, d) were proved in [13]; we apply these formulas together 
with the fibration to recover the Verlinde formula in this more general situation. 

The layout of this paper is as follows. In Section 2 we review results from |13| on the 



cohomology ring of M(n, d), while in Section 3 we summarize results on symplectic fibrations. 
Section 4 contains our proofs of the Verlinde formula: in Section 4.1 we first review the proof 
for M(n,d) from fll3] , while Section 4.2 gives the proof for M. g l [c, A) and Section 4.3 gives 
the proof for M. g b (c, A). 

Acknowledgements: This paper relies heavily on the author's earlier joint work with F. 
Kirwan, notably on the paper Jl3| where the Verlinde formula for M(n, d) is proved. We 
would like to acknowledge the hospitality of Universite Paris-Sud (Orsay), where part of the 
work was completed. 



2 Review of results on the cohomology of moduli spaces 

Theorem (Atiyah-Bott 1982) The cohomology ring of M(n,d) over Q is generated by 
elements {a r , b{,, f r } (for r = 2, . . . , n and j — 1, . . . , 2g), where 

a r G H 2r (M(n,d)), 
V r G H 2r -\M(n,d)), 
f r EH 2r - 2 (M(n,d)). 

If U is the universal vector bundle over M(n, d) x S 5 , the elements a r , V r , f r are obtained 
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by decomposing c r (U) in terms of 

® 2 s=0 H 2r - s (M(n,d)) ® # s (£ s ) 

using the Kiinneth formula. 

Remark 2.1 The Verlinde formula (for M(n,d) as well as for M g ,x(c,A) and M. gj b(c, A)) 
may be deduced from pairings involving only /2 and the a 3 -. 



We review the results of [131, where formulas were proved for intersection pairings in the 
cohomology of M(n, d). 

Remark 2.2 If M is a symplectic manifold equipped with the Hamiltonian action of a Lie 
group G, and is a regular value of the moment map \i : M — ► g*, then the Kirwan map is 
the map 

k : Hq{M) -> H^-^O)) S H*(M ied ). 

In this paper we are using the notation k to refer to the restriction to the image of £f£(pt) = 
5 , (g*) G in the domain Hq(M). In the case where M re( j = M(n,d), this restricted map is 
simply the Chern-Weil map for the universal bundle restricted to M(n,d) x {pt}. 



Theorem 2.3 Let c = diag (e 2md ' n 1 . . . ; ^id/n^ ^ e {1, . . . , n — 1} is coprime to n, 

and suppose that r\ G ifg({pt}) is a polynomial Qfa, ■ ■ ■ , r n ) m t/ie equivariant cohomology 
classes r r e if^ r (pt) = S , (g*) G /or 2 < r < n (where r r is the r-th elementary symmetric 
polynomial) , which generate the G-equivariant cohomology of a point, and map under the 
Kirwan map k to classes a r G H 2r (M(n, d)). Let f2 be the cohomology class of the symplectic 
form. Then the pairing k(t]) exp(/ 2 )[M(n, d)] is given by 



/ k(t)) exp(/ 2 ) = ; Resy 1=0 . . . Res 

JM(n,d) TV. 




M(n,d) n\ \V 9 ]li<i<n-i(exp(yj 

where n + = |n(n— 1) is the number of positive roots of G = SU (n) and X = (X\. . . . , X n ) G 
t® C has coordinates Y 1 = X 1 — X 2 , . . . , Y n -\ = -^n-i ~ X n defined by the simple roots, while 
W n -\ = S n ^i is the Weyl group of SU(n — 1) embedded in SU{n) in the standard way using 
the first n — 1 coordinates. The quantity T>(X) = T7 7 >o7(^0 ^ s the product of the positive 
roots. The element c is the unique element of t which satisfies exp c = c and belongs to the 
fundamental domain defined by the simple roots for the translation action on t of the integer 
lattice A 1 (in other words, the fundamental alcove). 

Also, the notation [[7]] means the unique element which is in the fundamental domain 
defined by the simple roots for the translation action on t of the integer lattice and for which 
is equal to 7 plus some element of the integer lattice. 



Theorem |2l| is a special case of Theorem 8.1 of [0: this special case suffices to prove 



the Verlinde formulas. 
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3 Symplectic fibrations 



Let c G t be an element of the closed fundamental alcove D + satisfying exp c = c. The 
interior of the fundamental alcove will be denoted Z?° . 

Let denote an oriented two-manifold of genus g with b oriented boundary components 
Si, . . . , S b . 

Definition 3.1 Let A = (AW, . . . , A^) be a collection ofb values in D + . The moduli space 
of representations is defined by 

M g , b (A) = TZ g>b (A)/G, 

where 

TZ g , b (A) = {pe Horn (7n(£g), G) : p([S a }) G Cl(exp A (a) ), a = 1, . . . , b} (3.1) 

and G acts on 1Z g ^(A) by conjugation. Here, Cl(expA^) denotes the conjugacy class of 
expA^ in G. 

The fundamental group of Y? h is the free group on 2g + b generators with one relation: 

9 b 

fl"i( s n) =< x ii ■ ■ -, x 2g,yu ■■■iVb ■ \{[xj,x j+g \ = JJ y r > 

j=l r=l 

Thus we have 

M g , n (A) = {(h, h 2g ,p u ...,p b )e G 2g+b : f[[hj, h j+g ] = f[ p r ,/3 r g Cl(ex P A«)}/G. 

j=l r=l 

(3.2) 

For later convenience we make a slight modification of this definition: We put 

M 9lb (c, A) = {(h u h 2g , Pi,..., P b ) G G 29+b : f[ [hj, h j+g ] =c{[p r , p r G Cl(exp A^)}/G, 

j=l r=l 

(3.3) 

where c = diag(e 2?nd//n , . . . , e 2md l n y In particular we have 

M g> i(c, A) = {{h u h 2g ,P) g G 2a+1 : f[[h 3 , h j+g ] =cp, pe Cl(exp A)}/G. 

Results on symplectic fibrations of moduli spaces were developed in WM, and used there 
for purposes distinct from the objectives of the present paper. We have 

Theorem 3.2 There is a neighbourhood U of in t such that if A G U then there is a 
fibration 

it :M gA (c,A) ^M(n,d) (3.4) 

with fibre 0\ (the orbit of the adjoint action of G on g). Further, the symplectic form 
on A4 g i(A) satisfies 

lu a = n*u n: d + (3.5) 

where is the symplectic form on M(n, d) and Q\ restricts on each fibre of tt to the 
standard Kirillov-Kostant symplectic form Q\ on the coadjoint orbit 0\ . 
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Proof: This follows by general results regarding symplectic fibrations associated to sym- 
plectic reduction at a regular value: see [|l!|, Theorem 6.1 for a proof. Note that M(n,d) is 
obtained by reducing an appropriate extended moduli space at a regular value of the moment 
map and that the 2-form is nondegenerate in a neighbourhood of the preimage of this 



regular value under the moment map: see Proposition 5.5 of |T2 



Remark 3.3 The region U is characterized as the component of the complement of the 

whose closure contains 0, where 



union of the walls H v n in t 



H v>n = {A G t : v{A) = n} 

for one of the fundamental weights v and n G Z. Clearly the H Vj7l are the hyperplanes 
where the function [22] encoding the volume of the ,M S) i(A) is not smooth : in other words 



they bound the region of regular values of the moment map, which is the region where the 
symplectic fibration of Theorem |3.2j exists. We thank A. Szenes for this observation, which 



is explained in 19 . 



Proposition 3.4 If A is a regular element oft*, the coadjoint orbit Oa is diffeomorphic to 
the homogeneous space G/T so its cohomology is given by 



s{r) 
s(¥) 



H*(O a ) = -^L, (3.6) 



in other words the quotient of ring of polynomials on t by the subring of symmetric polyno- 
mials. 

We have the following proposition: 

Proposition 3.5 The space M g ^(c, A) is a splitting manifold for the universal bundle U | M(n. d)x{pt} 
over M(n, d) x {pt} C M(n, d) x Sq : in other words 

7T* |jU(n,d)x{pt}^ = Li © . . . © L n 

where Ci(Lj) = ej for a collection of classes ej in H 2 (^A4 g i(c, A)) (for j = 1, . . . ,n). Here, 
when j = 1, . . . , n — 1, ej restricts on the fibres of it to the generator aj (j = 1, . . . , n — 1) of 
H 2 (G/T, Z) = H l (T, Z) corresponding to the j-th fundamental weight of SU(n) (an element 
q/Hom(T, U(l)), which is isomorphic to H l (T, Z) ) and e n = — (ei + . . . + e n _i). 

Proof: This follows from the algebro-geometric description of the moduli space of parabolic 
bundles (see for instance ||16|| ): it is the moduli space parametrizing holomorphic bundles 
over Eg together with a flag in the fibre of each bundle over a basepoint ({pt}) G The 
flag structure enables us naturally to split the universal bundle into a sum of holomorphic 
line bundles. 
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Proposition 3.6 If r r is the r-th elementary symmetric polynomial (forr — 2, .. . ,n) then 
r r (e x , . . . , e n ) = Tr*a r , where a r = c r (U \M(n,d)x{ P t})- 

Proof: See p. 284 (Section 21) of |J for results on the properties of splitting manifolds and 
flag bundles. There, it is proved that for a complex vector bundle E over a complex manifold 
M with splitting manifold Fl(E), we have 

where the ej G H 2 (F\(E)) restrict (for j = 1, . . . , n) on the fibre U(n)/U(l) n = G/T (where 
G = SU(n) and T is its maximal torus) to the images under the coboundary map (in the 
Leray-Serre spectral sequence) of the elements ^^^^({pt}, Z) = Horn {U{l) n , U{1)) given 
by a basis for the weight lattice of U{l) n . 

The following is a standard result (see for instance 0, Lemma 7.22): 

Proposition 3.7 Let an,...,a n (subject to YJj=i a j — ®) be the basis for H^({pt}) (the 
second equivariant cohomology group of a point for the maximal torus T of SU (n) ) which 
was introduced in Proposition \3. 3j . Let A = J2?=i A-A where Ui is the i-th simple root: note 
that the simple roots are the basis oft dual to the fundamental weights, which were introduced 
in Proposition ^J7^ to define the generators aj. Then the standard Kirillov-Kostant symplectic 
form on O \ is given by 

n 

4 Application to the Verlinde formula 

4.1 The Verlinde formula for M(n,d) 

Definition 4.1 The highest root 7 max is given by 7max(^) = X n — X\ or -y max (X) = Y\ + 
. . . + Y n -\. 



Definition 4.2 The Verlinde function V n} d{g,k) is given by 

AteA(r) 

where p is half the sum of the positive roots and 



S ^(k) = n 2sin7r (7^)A-- 
V nry 7 >o 
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(See (A. 44) and (3.16).) Here, A w is the weight lattice, identified with points in t. 
We have introduced the quantity 

r = k + n; (4.1) 

we have also introduced 



A(r) = {fji G AJL n t+ : (li, 7 max) < r}. 



reg 



The Verlinde formula is a formula for the dimension D n ^(g, k) of the space of holomorphic 
sections of powers of £ , where £ is a particular line bundle over M(n, d): it has been proved 
by Beauville and Laszlo |3J], Faltings ||, Kumar, Narasimhan and Ramanathan |15| and 



Tsuchiya, Ueno and Yamada pZlfl . In || Bismut and Labourie have given a proof of the 
Verlinde formula using techniques from symplectic geometry. 

In this section we review the results from Section 11 of fl3 |, showing how the Verlinde 
formula follows from the formula (Theorem |2.3| ) for intersection pairings in M(n, d). 

A line bundle £ over M(n,d) may be defined for which Ci(£) = nf'2, since nfi G 
H 2 (M(n, d), Z) (see |7[]). Whenever k is a positive integer divisible by n, we then define 

D n4 (g,k) = dimH°(M(n,d),£ k / n ). (4.2) 

Verlinde's conjecture says that the Verlinde function specifies the dimension of the space 
of holomorphic sections of £ k ^ n : 

Theorem 4.3 (Verlinde's conjecture) 

D n4 (g,k) = V n4 (g,k). 



We review the method of Section 11 of |i3| , where we gave a proof of Verlinde's conjecture 



for M(n, d): an outline of the method we use was given by Szenes ITSl (Section 4.2). 

In fact H l (M(n, d), £ m ) = for all % > and m > (see Section 11 of for references 
and an outline of the proof). So D n ^(g, k) is given for k > by the Riemann-Roch formula: 

D n>d {g,k)=[ ch£ k / n TdM(n,d). (4.3) 

JM(n,d) 

We use the following results to convert (|4.3j ) into a form to which we may apply our previous 
results. 

Lemma 4.4 For any complex manifold M the Todd class of M is given by 

Td(M) = e Cl(M)/2 i(M) 

where C\{M) is the first Chern class of the holomorphic tangent bundle of M , and A(M) is 
the A-hat genus of M. 

Proof: See for example |K|, pages 97-99. 
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Proposition 4.5 We have 



A(M(n,d)) = K(T] , 
1 1 Ul oS inh T /2 



7/2 n2 9 -2 



Proof: This is proved by Newstead in fl7 
Lemma 4.6 VKe /jane 

Cl (M(n,d)) = 2nf 2 . 

Proof: This is proved in 0, Theoreme F . 

Of course the Chern character of £ fc / n is given by ch£ fc/n = e kf \ Thus we obtain 



Proposition 4.7 The quantity D n ^(g, k) is given by 



D n ,d(9, k) 



e (k+n)f2 K 



M(n,d) 



n 

7>0 



7 



.7/2 _ p-7/2 



29-2 



Proof: This follows immediately from ( [4.3| ), Lemmas |4.4| and |4.6| and Proposition P~5 



Theorem 4.8 We have 

(— l) n + to- 1 ) 



D n ,d(g, k) 



E Resy 1=0 ...ResK„_ 1= o e«>*> 
wGM/ n _i V 



T 2 » 



IK; 

7>0 1 



7 (X) 



.7W/2 _ p-l(X)/2 



29-2 



1 



n'=i(e^ - l)^(X) 2 f- 2 ^ 



(4.4) 



Proof: This is a direct consequence of Corollary [4.7| and Theorem \2.3[ Note that because 
the factor e^ 2 in the statement of Theorem [2.3| has been replaced by e r ^ 2 , it is necessary to 
replace e {[[wd]] ' x) by e r(M - x) , and e y ' - 1 by e rY > - 1. 

We introduce Zj = exp K,-. Since for any w G W n _i we have that 

[M] = [Mhwi + [Mk^2 + • • • + [[w£]] n _ 1 n n _i 

in terms of the standard basis vectors 

% = (0,...,0,1,-1,0,...,0) 

for the integer lattice A 7 of t, with n[[tuc]] ■ G Z for all j, and < [[tuc]] ■ < 1 for all j. We 
obtain 

r([[wc}} X) _ yllwc}}^ y [[wc]} 2 r [[«jc]] n _ 1 r 

e — Zj x Z/ 2 ... zj n _ l 

(Recall that k and r are divisible by n so e r( - c ' x ' ) is a well defined single valued function of 
Z\, • • • , Z n -\.) Thus we can equate D n d (g, k) with 

(9-1) 



n! 



/ n-l 

E Res Zl= i...Res Zn _ 1= i ([] 



1 Zj'Jt** 



8 



yllw^r r?[[v>cSl 2 r [[wc\\ n _ ir 
Zj X Zj 2 ... Zj n _ 1 



n 7>0 (7 1/2 - r 1/2 ) 29 - 2 (z r i -i)--- (^-i - 1) 



J2 Res Zl= i...Resz„_ 1= i (11^ x (4-5) 



| ^ -1— "n-l— ■ HI! 7. 

weWn-l V .7=1 

^1 ^2 • • • ^n-l 



It- n 7>0 (7 1/2 - 7- 1/2 ) 29 - 2 (^r r - 1) • • • {Z-L x -I))' 

Here, we have introduced 7 defined (for the root 7 = u r + u r+1 + . . . + u s _i, where the Uj G t* 
are identified via the usual inner product with the Uj G t) by 

j(Zi, . . . , Z n -i) = Z r . . . Z 8 -x- (4.6) 

We also have 
Lemma 4.9 



and hence 

It 2 s 



e = n 

T 2 



e ru) = r {n ~ 1)9 n 9 . 



Proof: This follows from the calculation given in Lemma 10.10 of ||13|| . 

The following may be proved by the same method as in Section 2 of [O] (see also JTB[ ) 



Proposition 4.10 Suppose v G t is of the form v = YJjZ\ ^jUj with < Uj < 1 for all j (in 

other words v is in the interior of the fundamental alcove). Define the meromorphic function 
f on the complexification T c of T as follows: 

ry — V\T y — Vn-\T 

f(Z) = (-i r -l ( _i r+ ( 9 -l) r (n-^ (4?) 



Then we have that 

1 ^...Res^, £ n'(f) 'ff' (« 



n-l! 



= H f(exp2irifi/r). 

/iGA(r) 

ffere, Wn-i 2s the permutation group on {1, . . . , n — 1} which is (isomorphic to) the Weyl 
group of SU(n — 1), and [[wf]] is the function 

>mz) = (-lr^-irfa-v^to-D^i n ^ >o( . 1/2 -; ."-^^ • (4.9) 

For a root 7, i/ie quantity 7 was defined by ^j-b\ j- 
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Remark: Notice that we have 



E /(exp27riA/r) = -^- £ f{e 2 ^ m ^ r 

AeA(r) U 1 mj=l 

(Here, the Wj are the fundamental weights, which are dual to the simple roots {uj}.) The 
set {X G t : X — J2j ^jUj, < Xj < 1, j — 1, . . . , n — 1} is a fundamental domain for 
the action of the integer lattice A 7 on t, while the set {X G t + C t : 7 max (X) < 1} is 
a fundamental domain for the affine Weyl group W a g (the semidirect product of the Weyl 
group and the integer lattice), and A 7 has index (n — 1)! (rather than n\) in W^s (in other 
words a fundamental domain for A 1 contains (n — 1)! fundamental domains for H^s)- 

Applying Proposition [4. 10| we find (noting that (— l) n_1 = c p when n and d are coprime) 
that 

-2m{c,X) 

D r ^(g,k) = (-l)^%WMn'- 1 c> £ - 6 _ 2 ^ Ah2q 2 - (4.10) 



This gives 

-27ri(c,A+p) 

A^r) n 7>0 (2* sin 7r(7, A)/r^-2 

-2m(c,X+p) 



r (n-D( ff -i) nS -i E e- _____ _ (412) 



Comparing with Definition |4.2| , we see that D n ^(g, k) = V ni d(g, k). This completes the proof 
of Theorem 14.31. 



4.2 The Verlinde formula for M 9j i(c, A) 

There is a more general version of Verlinde's conjecture which applies to the case of A4 9i i(c, A). 
Let A G t, and let k be a positive integer divisible by n. If kA is in the weight lattice A w , 
then the cohomology class of kuo is a class in integral cohomology, and hence is the first Chern 
class of a line bundle over _M 5) i(c, A) (denoted C k ^ n ). Notice that kf 2 is automatically in 
integral cohomology, since n/2 is in integral cohomology. 



Definition 4.11 



D n>d {g,k,A) = E(-l) J dim^(>l 9il (c,A),/: fc /") 

i>o 



Note that the argument sketched in Section 11 of [ 13 1 does not generalize to show that 
H j (M 9! i{c, A),C k/n ) = when j > 0, unlike the situation for M(n,d). (However, in p0 
Teleman has constructed an alternative argument showing the vanishing of these higher 
cohomology groups.) 

We introduce A = kA. 
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Definition 4.12 The Verlinde function is 



V nd (g,k,A) = V —j- -. 



where 



( v /TX) n ( n - 1 )/ 2 



E(-i) 



to -27ri{io(A+p),/i+p)/r 



(4.13) 



Theorem 4.13 [Verlinde 's conjecture for parabolic bundles] There exists a neighbourhood 
U of in t such that, for A G U for which kA G A 147 , we /iave 

D n4 (g, k, A) = Ki.dCfl', fe, A). 



The proof of Theorem 4.13| proceeds by a sequence of lemmas. By the Riemann-Roch 
formula, we have 

D n4 (g, k, A) = ( dx{C k ' n )Td{M g , x {c, A)) (4.14) 

JjVlg t l(C,A) 



We now use the fibration from Theorem 3.2 to integrate over the fibre in order to obtain 



an integral over the base M(n, d): the latter is then evaluated using Theorem |2.3| . First we 
observe that because the Todd class is multiplicative, it decomposes as the product of Todd 
classes corresponding to the fibre and the base: 

Lemma 4.14 

Td(A^,i(c,A)) = Td(T vert >f Sjl (c,A))7r*Td(M(n ) d)). 
Here we have introduced T veTt Ai gi i(c, A), the vertical tangent bundle of the fibre of l \3.$ ), so 
7r*Td(.M S) i(c,A)) = Td(M(n,d))7r,Td(T vert 7W 9il (c,A)). 



Next we recall that since the fibre of (|3.4j ) is just a homogeneous space G/T, we can 
express its Todd class in terms of the generators introduced in Proposition 

Lemma 4.15 

Here, £ = (ei, . . . ,e n ) is regarded as a member of H 2 (0\) ® t so one can naturally pair it 
with the root 7 G t* to obtain an element (7, £ ) = j((ei, . . . , e n )) in H 2 (Oa, R). 



Proof: This is proved (for example) in Section 14 of [11|. Here, the were introduced in 
Proposition |3~5|. 
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To obtain the Riemann-Roch number we must compute 

/ ch(C k ^)Td(M g>1 (c,A)). (4.15) 

Using the fact that 

ch(£ fc/n ) = exp(ku A ) 
and the decomposition of uj a given by (|3.5|), we find that we must compute 



J M (cA ^e fc ^7r*Td(M(n,rf))^ ^ A Td(T vcrt ^ 9il (c, A))) (4.16) 

where T ver tA^ 9> i(c, A) is the vertical tangent bundle of the fibres. 

We shall integrate over the fibre appearing in ( |3.4|) : on this fibre we see that 

e^ A Td(r vert M 9il ( C ,A)) 

becomes 

( n \ fa £)e^^^ 2 
exp y A ? e ; TT V' ' (4.17) 

Recall that we have introduced 

£ = (ex, . . . ,e n ). 

To do the integral we reorganize it in terms of Weyl invariant and Weyl anti-invariant 
cohomology classes. We replace the expression in ( |4.17| ) by 

T(£)n(7,£), (4.18) 

7>0 

where 

i (v(x+ P ),£) 
T{£) = -±- V (-1)" % ? — 

Recall that p is half the sum of the positive roots. 

Note that the quantity T{£) is invariant under the transformation £ \— > w£. Hence by 
Propositions |3.4jand|3.6|, T{£ ) = n*S\(a2, ■ ■ ■ , a n ) for an appropriate polynomial S\(a 2 , . . . , a n ) 
in the a^, . . . ,a n . Here, 5a is defined by 

SMt>), - , «(r»)) = - ( n ^ e e(U/2- e -(^)/2 j • ( 4 - 19 ) 

The aj satisfy aj = k(tj) where Tj is the j-th elementary symmetric polynomial (tj e S^t*)^) 
and k is the Kirwan map. The integral over the fibre reduces to 

L * S ^< T ^ • • • ' <Tn))e^ Td(M(n, d)) L II (7, (4-20) 

JM(n,d) JU A 7>0 
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where S\ is defined in Q4.19Q . Now the integral 



11(7,0 

7>0 



gives the Euler characteristic of the orbit, which is simply \W\ = n\ (||11|, Chap. 14). Thus 
the integral over the total space Ji4 9i i(c, A) is reduced to an integral over the base space 
M(n,d): it becomes 



Sa(«(t 2 ), • • • /<r n ))e fe ^Td(M(n, d)) 



M(n,d) 



(4.21) 



(Notice that the argument of k in (|4.19|) is the quotient of two Weyl anti-invariant functions 
of the variable X and hence is Weyl invariant.) 

A generalization of Theorem |2.3j (proved by an extension of the proof of Theorem O 
given in [O) is 



Theorem 4.16 In the notation from the statement of Theorem \2. <\ let 



Q = \S ( ~ ir rw^>-^>). 



be a formal cohomology class in H*(M(n, d)), where v G t*. (Note that the argument of k is 
a Weyl invariant function of X.) Then K(j])aexp(f2) [M(n,d)] is given by 



(_!)»*+ (s-i) 

K(r])aexp(f 2 ) = : Resy 1=0 . . . Resy n _ 1=0 

M{n,d) n\ 



v p ([[w(c+vu)]],X) 



V^ 9 - 2 n 7 >o(e^/ 2 -e-^)/ 2 )ni<,<n-i(exp(F,) -1))' 

Recall that the notation [[7]] means the unique element which is in the fundamental domain 
defined by the simple roots for the translation action on t of the integer lattice and for which 
is equal to 7 plus some element of the integer lattice. 



The expression in ( [4.21 ) is the type of integral computed by Theorem 4.16 . A straight- 
forward modification of the proof of Proposition [4.7| gives that the Riemann-Roch number 
is 



V n4 {g,k,A) 



Ak+n)h 



K 



7(A) 



2g-2 



M(n,d) 



— ]T (-iy e W x+p) ' x) . (4.22) 



Using Theorem [4.16| this leads to (in a manner similar to the proof of Theorem I~8 ) 

(_!)"+ (9-1) 



V n4 (g,k,A) 



nl 



Resy 1=0 • • • Resy n _ 1=0 / e ruJ x 



(4.23) 
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n 

7>0 



( 7 (X)) 2 f- 2 J2v£w(-V v e r{[[w{ ~ c+v{X+p)/r)]] ' X) 



( e 7W/2 _ e -7(X)/2)2 fl -i ni = i(e r ^ - l)£>(X) 2 s-2 
This yields in turn (just as in Ql5|)) 



K,,d(<7,A;,A) 



(_l)n-l+n+( a -l) 



n-1 



x: j:(-irRes Zl=1 ...Res Zn _ 1=1 (n^)x (4.24) 



I, 



r7 -r[[w(c+v(\+p)/r)]] 1 7 -r[[w(c+v{X+p)/r)]] 2 -r[[w(c+v(\+p)/r)]} n _ 1 
,^1 ^2 ■ ■ ■ & n-1 



11- .or 1 2 - r 1/2 ) 29 'Hzr -i)--- (^1 - 1) 

Finally we may use Proposition |4.1(J to obtain an expression equivalent to ( [4.24 ): 
Theorem 4.17 We have 



V n4 (g,k,A)= 



where 



( rT\)n(n-l)/2 



(4.25) 



Since the formula given in Theorem f4.17| is the formula for D n ^{g, k, A), we have proved 
Theorem 4.13. The proof of Theorem 4.17 is valid when A G U. 



4.3 The Verlinde formula for Mg^c, A) 

More generally, there are spaces Ai 9) b{c, A) which fibre over M(n, d) with fibre A (i) x . . . x 
A (b) for A (j) sufficiently close to 0. We introduce the notation A = (A (1) , . . . , A^). We 
restrict to those A( J ) for which fcA^ G A w ; we denote kA^ by 



Proposition 4.18 There is a neighbourhood U of the element (0, ... ,0) G t b such that if 
A G U then there is a fibration 

7r : M g ,b(c, A) -> M(n,d) 
/i&re x . . . x C^o) ■ Further, the symplectic form on Ai g> b{c, A) satisfies 

LO A = Tt*Un,d + (4.26) 

where Q\ restricts on each fibre to the sum of the Kirillov-Kostant symplectic forms 

b 

Y ®°aU) 

3=1 



on the product of the coadjoint orbits O 



AO) • 
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Proof: The proof is as in Theorem |3.2| . We use the fact that M(n, d) is the reduced space 
at the regular value of a symplectic manifold equipped with a Hamiltonian action of G b , 
and that at orbits of the G b action close to 0, the corresponding reduced spaces are the 
M. g fi{c : A). This extends the argument of Proposition 5.5 of |L2|, using the fact that the 
action of G b is free on the zero locus of the moment map: this action is given in (5.9) and 
(5.10) of [12 1, and it is straightforward to verify that the action is free when the moment 



map takes the value {0}. 



Remark 4.19 The region U is characterized as the component whose closure contains 
(0, . . . , 0) in the complement in t + b of the union of the walls 

Ai,...,A 6 ): WjAj e H v>n ]. 

(w-i,...,w b )ew b 



Here the walls H„ „ were introduced in 



This observation is due to A. Szenes AID" 



Proposition 4.20 We have 



u 



M(n,d) x{pt} 



V« ffi b r (s) 



•where c\{Li\ • ) = restricts on the s-th orbit A ( S ) in the fibre of it to the generator otf* of 
H 2 (0 A (s)) corresponding to the j-th fundamental weight of SU(n). 



As in Lemma |4.14| , we have 

Td(M 9: b(c, A)) = Td(T vcvt M g , b (c, A))7r*Td(M(n,d)), 

where Td(T vert J^A g ^(c, A)) is the vertical tangent bundle of M. g ^{c, A). The integral over 
the fibres decomposes as a product (as in (|4.17D ) of factors of the form 



O 



i ViW win (7,* w )^ )/a 



(4.27) 



where £^ = (e[ , . . . , e^). (Here we have introduced a basis {e*- } for H 2 (0 A (s)), following 
Propositions |3.4| and |3.5| .) Each of the integrals ( |4.27| ) is of the form 

5 aW («(t 2 ),...,k(t„)) 

where S\ was defined in ( |4.19| ). From the product of these integrals over the A ( S ), we obtain 

V n>d (g, k, A) = / e^ 2 x (4.28) 

7(X) 2 ^- 2 



M(n,d) 
b 



x« TT — ^r^TT y ( 

V^o ( e 7(*)/2 _ e - 7( x)/ 2 ) 2 ^ 2+6 i A i^ V 



^^K(A( s )+p),X) 



-l^e 
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Using Theorem |4.16| , ( |4.28| ) leads to 



V n , d (g, k, A) = ^-L- E Res ^=o • • • Resy„_ 1=0 / e™x (4.29) 



, 7 (^) 2g - 2 \ A v eMr[[wd + E s (vs^ s) +p)/r}},X) 

X 11 \(^(X)/2 _ a -~/(X)/2\2a-2+b J 11 2^ \ l > 



7>0 



( e7 w/ 2 _ e - 7( x)/2)2 S -2 +6 ; ' nl=i(e^ - 1MX) 2 *- 2 



This leads in turn (just as in ( f4.5| ) and ( |4.24| )) to 



/_1 \n-l+n+(a-l) 

*, a) = j E E • ■ ■ E (-ir ■ ■ ■ i- l ) Vh >< (4- 3 °) 



n— 1 1 /" 

xRes Zl=1 . . . Res Zn _ 1=1 (n ^ x . . . x - — ) / e ruJ 

„-r[[«(6f ELi ^( A(S) +/ 3 )A)]] 1 -"WH^ELi ^(A (s) +p)/r)]] 2 „-r[[w(&+ES=i "•(* W +P)/»0]] n _ 1 
Z l ^2 • • • Z n-1 

n 7>0 (7 1/2 - r l/2 ) 2 ^ 2+ \zr - 1) . . . (^Ci - 1) 



X 



Finally we may use Proposition |4.10| to recover 



Theorem 4.21 The Riemann-Roch number of M. g ^(c, A) is given by 

ch(£ fc /")Td(AV(c,A)) = 

M s ,6(c,A) 

e -2«(M-p,c) n 6 s=1 ^ AW (r) 



E 



CM')) 



2g-2+fe 



The proof of Theorem 4.21 is valid when AeU. 
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